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I. INTRODUCTION
The puzzle of home-bias in equity holdings-that households hold a disproportionate share of their equity portfolios in their own country's equities-is frequently linked with puzzles of international risk sharing. It is natural to make such a link, because diversification in equity holdings seems to be a natural way to diversify income risk.
1 But here we argue that the risk sharing puzzles may be more closely linked to exchange rate hedging by households. In a world in which nominal goods prices are sticky, we make the case that much of the burden of risk sharing is borne by exchange rate hedging behavior through the portfolio of bonds denominated in different currencies, currency forward position or other financial instruments affected by exchange rates. The result is surprising as nominal stickiness and short-term foreign exchange hedges play a key role in international risk sharing instead of permanentlylived equities. We show that when exchange rate hedging is possible, price stickiness plays a dominant role in determining the equity portfolio relative to other effects such as wage setting, currency of pricing, and home bias in preferences.
Foreign exchange risk can be hedged through forward contracts, swaps, or the portfolio of nominal bonds in different currencies, so that equity portfolios hedge risks not associated with foreign exchange rate movements. But, when prices are sticky, much of the differential real income risk of residents in different countries is associated with nominal exchange rate movements. To the extent that exchange rate changes are passed through to import prices, they influence the relative international prices of commodities. If pass-through is incomplete, exchange rate movements influence the profits per unit sold in the exporter's currency. Moreover, relative output across countries is influenced by demand shocks under sticky prices, but these shocks in turn influence exchange rates.
The value of assets is determined by the entire future expected path of payoffs. Equity prices, for example, are determined in most asset-pricing models as a present value of expected discounted dividends. Under typical calibrations of macroeconomic models, prices adjust quickly compared to the rate at which markets discount future dividends. So why should goods price stickiness have much of an influence on asset prices and portfolios?
Indeed, we consider a model in which, were goods prices flexible, the equity portfolio of households could be used to share risk efficiently. In our 2-country model, the real allocations that could be achieved under complete markets will be replicated in a model in which only equities are traded. There is no role for nominal bonds to hedge risk when goods prices are flexible.
When prices are flexible, much of the burden of risk sharing falls not on the portfolio choices of individuals, but instead on changes in relative goods prices (as Cole and Obstfeld, 1991, have noted.) When a firm experiences a productivity increase, it will increase the supply of its product. The consequent drop in the price of its output can partly offset the income gains from increased productivity. Under standard calibrations of macroeconomic models, Cole and Obstfeld show that the gains from diversification of the equity portfolio might not be very large.
However, this terms-of-trade effect is not operative when prices are sticky. Under sticky prices, the portfolio of assets-stocks and bonds -are therefore an important way to diversify risk. Indeed, even though goods prices may be sticky only temporarily, the asset demand decision might be dominated by the risk-sharing considerations under sticky prices. 2 We demonstrate that only a small amount of price stickiness will have large effects on the portfolio choices of individuals.
We build a two-country dynamic stochastic general equilibrium model with trade in equities and nominal bonds. We consider price stickiness of two types that have been examined in the international macroeconomics literature: producer currency pricing (PCP), in which prices are set in the producers' currencies, and local-currency pricing (LCP) in which prices are set in the currency of consumers. We examine the optimal equity and bond portfolios under nominal wage flexibility and nominal wage stickiness. We also consider the role of home-bias in preferences.
Our main conclusion is that, in a log-linearized version of the model, trade in only equities and bonds will replicate the allocations achieved under trade in a complete set of nominallydenominated state-contingent bonds. For many reasonable parameterizations, the portfolios that replicate the complete-markets outcome do not require much diversification of the equity portfolio. That is, households optimally should hold portfolios that are heavily weighted toward their own country's equities. But the efficient allocation does require that agents take the "correct" open position in foreign exchange. In particular, under all plausible parameterizations, agents should be long in their own currency and short in foreign currency. An unexpected currency depreciation should cause a negative wealth shock to the portfolio. This shock serves to balance the positive income effects from a depreciation under sticky nominal prices.
We begin our analysis in Section II with a model that illustrates the economic forces at work. This section extends the example presented in Engel and Matsumoto (forthcoming) . It examines the linearized version of a two-country model in a one-period economy. Output is produced using labor by monopolistic firms. Households are endowed with claims to profits of firms in the country where they live and work, but purchase and/or sell a portfolio of equities and a forward position in foreign exchange before the realization of shocks. The model assumes preferences are homothetic in each country, but Home and Foreign residents' preferences may be different. The general result of this model is that when households can trade assets that hedge relative price risk-real exchange rate risk, and risk from the changes of relative prices of Home to Foreign goods in each country-then a full risk-sharing equilibrium can be achieved with no trade in equities.
One application of this result is to the case in which goods prices are flexible and the law of one price holds for all goods. The complete markets allocation can be achieved in this case with only trade in two non-state-contingent bonds -one denominated in units of the Home good and one in units of the Foreign good.
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Our focus is primarily on exchange rate hedging in sticky-price models. We show in the static setting that the complete markets equilibrium can be supported with only trade in a forward position in foreign exchange, or nominal bonds denominated in different currency. That is, full risk sharing does not require any diversification of the equity portfolio in this special model. Price setting of goods can be LCP, PCP, or there can be indexation of the price to the exchange rate. But a crucial assumption in this example model is that all goods prices must be set in advance of the realization of shocks. The model puts no restrictions at all on the labor market, or in general, on how firms and workers share revenues.
Section III then sets up a dynamic two-country model. Output is produced using only labor, and firms are monopolistic. In this section, we first assume that some firms set prices in advance, with local-currency pricing, while other firms are flexible-price firms. We consider two different specifications of the labor market. In the first, wages are flexible and the labor market is competitive. In the second, all wages are fixed in advance, and households supply labor as demanded. In both cases, trade in equities and a forward position in foreign exchange (or equivalently, a bond portfolio of zero net value ex ante) will lead to allocations that are identical to those achieved under trade with a complete set of nominal contingent claims. We show that under plausible parameterizations, the optimal equity portfolio does not reflect much international diversification. That is, there is a high degree of home bias in equities. 4 But this efficient allocation requires agents take sufficiently large positions in foreign exchange to diversify risk fully.
We also repeat the analysis under the assumption that those firms that have sticky prices set them one period in advance according to producer-currency pricing. We show that the equity position under PCP is identical to that under LCP, but the optimal position in foreign exchange is different. Intuitively, the PCP and LCP models are different because of the way exchange rates are passed through to prices. Demand for products from home and foreign firms, and hence profits, will differ under LCP and PCP pricing. But the effects of these exchange rate changes on wealth can be hedged through the forward market in foreign exchange. The optimal equity portfolio is not influenced by LCP vs. PCP because the difference is all in how exchange rate changes affect the economy.
We emphasize that the degree of equity diversification needed to achieve full risk sharing does depend on the degree of price and wage stickiness. We know from the work of Baxter and Jermann (1997) that when goods prices and wages are perfectly flexible, the optimal equity portfolio should be heavily weighted toward the equities of the other country, even to the extent that households may wish to go short in their own country's equities. Our general equilibrium model encompasses the Baxter-Jermann model as a special case, but more generally allows us to examine how the degree of price and wage stickiness influence the composition of the portfolios that optimally share risk.
Finally, even though we find that the optimal risk-sharing equity portfolios under some plausible parameterizations reflect a high degree of home bias in equities, we are not advancing our model as an explanation for the degree of home bias observed in the data. In the context of our model, home bias in equities is only optimal if agents also hold the "correct" forward position in foreign exchange. In fact, country bond portfolios do not look much like the optimal portfolios we construct. Our point is that the pattern of bond holdings may be as puzzling as the pattern of equity holdings. However, we are also cautious to state that this is indeed a puzzle as what really matters is currency exposure in our model, but we do not have good data on the actual currency exposure including derivatives. 5 Nonetheless, we do claim that exchange rate hedging and nominal rigidity play an important role in (the lack of) international risk sharing.
In the past few years, there have been many new dynamic models of portfolio choice in general equilibrium. Perhaps these models provide a basis for a more positive analysis of portfolio allocation. Particularly relevant are the studies that use approximation methods, not unlike those used in this paper, to analyze the dynamics of portfolios. Devereux and Sutherland (2006) derive an approximation method for an economy with incomplete markets, but constant portfolio shares, and apply it to a 2-country general equilibrium model with production and trade in equities, and to a 2-country endowment model with trade in real bonds. Devereux and Sutherland (forthcoming) apply this model to a sticky-price monetary model that allows for portfolios of bonds and equity trade. Devereux and Sutherland (2007) extend the approximation method to allow for time-varying portfolios, and apply the method to a two-country endowment model with trade in real bonds. Devereux and Sutherland (2008) examine a similar model, with a focus on the role of changes in valuation for the international distribution of wealth. Tille and van Wincoop (2008) use a similar approximation to solve a two-country general equilibrium model with capital and production and trade in equities. Tille and van Wincoop (2009) use these methods to examine the response of the current account and net foreign assets to changes in saving. Also, Evans and Hnatkovska (2008) examine a similar model with a related solution methodology. Heathcote and Perri (2008) and Rigobon (2007, 2008 ) present neoclassical models in closed form using special assumptions on functional forms (such as log preferences) to examine equilibrium portfolios. Like the model of this paper, Heathcote and Perri allow for home bias in preferences. In their model, firms have value because they own capital. Pavlova and Rigobon consider a continous-time version of the two-country endowment model. Kollmann (2006) considers an endowment model with home bias in preferences and trade in equities. Similarly, Coeurdacier (2009) reconsiders the issue of home bias in consumption in the context of an approximated general equilibrium model with endowments. Obstfeld (2007) argues that Coeurdacier's result may not be robust in the presense of non-traded goods. Indeed, Collard, Dellas, Diba, and Stockman (2007) extend an endowment model with traded and nontraded goods of Baxter, Jermann, and King (1998) to incorporate home bias in preferences, and numerically solve it to address the home bias in equity puzzle. Matsumoto (2008) analytically solves a production economy model with traded and nontraded goods to study the role of human capital and nonseparable utility in international portfolio allocations. That paper emphasizes the role of human capital wealth. All of these models assume flexible prices and no exchange rate hedging. As a result, the equilibrium portfolio is often highly sensitive to preference parameters and sometimes super home bias or anti-home bias may arise, depending on the values of parameters.
In closely related work, Coeurdacier and Gourinchas (2009) focus on trade in real bonds denominated in units of output. 6 They consider one-period endowment models with home bias in preferences under flexible goods prices. They study the bond and equity portfolio when there is a terms-of-trade shock and other shocks. In contrast to the earlier studies, they find that introducing real bonds may make the equilibrium equity portfolios less sensitive to changes in parameters. While both their paper and this paper emphasize the role of the exchange rate, the mechanism of fluctuation of exchange rates is different. Coeurdacier and Gourinchas (2009) adopt home bias in consumption to generate real exchange rate fluctuations. In contrast, we focus on nominal rigidity and nominal exchange rate fluctuations. Indeed, we show that in the presence of nominal rigidity, home bias in preferences does not have much impact on equity portfolios.
van Wincoop and Warnock (2008) empirically study whether home bias in preferences can explain home bias in equity portfolios. In their model (which absents human wealth), the magnitude of the effect of preferences on home bias in equities is small, especially when a real exchange rate hedge is available.
We introduce home bias in preference in our model. As we have shown in our previous paper (Engel and Matsumoto (forthcoming) ), when exchange rate hedging is possible, home bias in preferences does not matter at all in a static model. In this paper, we extend our analysis in fully dynamic general equilibrium and we find that it does change the optimal equity portfolio but not much if there is price rigidity and human capital.
Coeurdacier, Kollmann, and Martin (2009) present a 2-country, 2-good model with a number of types of shocks and trade in equities and bonds. They focus on "redistributive shocks"-shocks that redistribute income between firm owners and workers-as a source of home bias in equity holdings. Couerdacier, Kollmann, and Martin (2008) consider a similar model, but with investment specific technological change, which they argue can explain the home bias in equity holdings.
II. A GENERAL RESULT IN A STATIC FRAMEWORK
We build a general-equilibrium model with sticky prices. There are two countries, Home and Foreign, each with population ½. The model of this section is a one-period model in which portfolio choices are made prior to the resolution of uncertainty. We also assume that goods prices must be set prior to the realization of the state.
In Section III, we fully specify dynamic general equilibrium models. In the example model of this section, we use only some of the features of the model -demand functions for goods, market-clearing conditions, and a general assumption about nominal price stickiness-to demonstrate that (1) trade in equities and a foreign exchange hedge will allow households to achieve the "complete markets" equilibrium allocations; (2) this outcome may always be achieved with a portfolio allocation such that households have complete ownership of their own country's firms and hold no foreign equities; and (3), this outcome with complete home bias in equity holdings is the only portfolio that will replicate the complete markets allocation except in the special case in which labor income is perfectly correlated with the nominal exchange rate. This example extends the one presented in Engel and Matsumoto (forthcoming) .
To be clear, this demonstration is not a proof that a decentralized market with trade in equities and a forward market in foreign exchange will achieve the efficient allocation. We do not, in this section, show that the portfolio that replicates the complete market allocation is optimal from the household's perspective. The models of Section III, however, do derive household optimality conditions and derive an equilibrium in which those are satisfied. The purpose of this section is to explore intuitively the economic forces at work that allow a portfolio with complete home bias in equities, but with an appropriate foreign exchange position, to replicate the complete-market outcome.
Initially, households are endowed with ownership of firms in their own country, and with human capital. The ex post budget constraint of a representative Home household can be written as
(1) . We use the = sign in this equation to mean equal up to a first-order approximation.
We now summarize some properties of log-linear approximations to consumption functions and demand functions that follow from the assumption of homothetic preferences. We can write the Home aggregate consumption as 
In the models of section III, we will have * α α = as we assume that there is home bias in preferences, but it is symmetric between Home and Foreign households, and that initial wealth is identical. We do not even impose that symmetry in this section. The log of the consumer price indexes for Home and Foreign households are given by, respectively, 
For the Foreign country, we can write 
Equations (8) and (9) follow from the homotheticity assumption. Under homotheticity, the demand for Home goods relative to Foreign goods depends only on their relative price and not on the aggregate level of consumption. Rearranging the demand curves using (4)- (7) gives us (8)- (9). We assume that the Marshall-Lerner condition holds, so that
Substitute (8) and (9) 
We can rearrange this Home budget constraint equation, using the price index equations (6) and (7) to write
The relative Home to Foreign consumption given in equation (11) Can households in the Home and Foreign country make contracts that efficiently allocate risk in this setting? That is, is it possible to write a contract for an asset that pays t x ex post, and achieves the complete markets allocation? We will assume the curvature of the utility functions of Home and Foreign households is the same. Let ρ be the coefficient of relative risk aversion for households in both countries, evaluated at the point of linearization (where we are assuming utility is separable in aggregate consumption.) When asset markets are complete-that is, when households can ex ante trade a complete set of nominal contingent claims-the equilibrium condition equalizes the marginal utility of nominal spending of Home and Foreign. It is well known that the condition can be log-linearized as
It follows from the relative consumption equation (11) that this risk-sharing relationship can be achieved if the non-equity portfolio payoff, t x , satisfies
Rearranging equation (13), households can attain the complete markets allocation if their non-equity portfolio has a payout given by
(1 )
( positions"-the portfolio of non-equity assets that has an ex ante value of zero. By taking the appropriate forward position in these hedges, Home households could achieve optimal risk sharing.
Many models assume that the law of one price holds for traded goods. Under that assumption, condition (14) reduces to
The complete markets allocation can be achieved by trading a hedge on terms of trade movements. This could be achieved by trading two bonds, one denominated in the Home good and one denominated in the Foreign good, as Coeurdacier and Gourinchas (2009) have emphasized. Trade in these bonds constitutes a forward position as we have defined it as long as the initial value of the bond portfolio is zero -the long position in one bond balances the short position in the other.
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In reality, markets are not available to hedge terms of trade or even real exchange rate risk explicitly. But when prices are sticky, the log of the real exchange rate and log of the terms of trade in each country are linear in the log of the nominal exchange rate. So households can hedge those risks with only trade in an exchange-rate hedge. Forward markets for foreign exchange do exist, or, a synthetic forward position can be obtained by trading nominal bonds, or with swaps.
We take an agnostic position on the currency of price setting. Prices could all be set in the producer's currency (PCP). Or, prices facing consumers might be set ex ante in the local currency (LCP). Or we might even have prices indexed to the exchange rate, as in Corsetti and Pesenti (2006) or Engel (2007) .
We assume , 0 h t p = , and
These assumptions mean simply that the home-currency price of home goods sold in the home currency, and the foreign-currency price of foreign goods sold in the foreign country are constant (independent of shocks) and normalized to one (in levels.) We can assume partial pass-through for traded prices: , 
Substitute into equation (14) to get
If Home and Foreign agents can take a forward position in foreign exchange, they can achieve the complete-markets allocation. No trade in equities is required. This result holds regardless of degree of home bias in preference, initial wealth, wage setup, or price setup. A forward contract costs one unit of the home currency. Without loss of generality, we can normalize the forward price of foreign exchange to be unity, so the log of the forward rate is zero. If home households purchase δ units of this hedge, they will achieve the payoff given (2.16).
To review: We have assumed a one-period horizon and that all nominal goods prices are fixed ex ante. These two assumptions are critical to the result. We will move on to infinitehorizon models with price adjustment in Section III. There, trade in equities is necessary to replicate the complete markets equilibrium, and the equilibrium portfolio will not exhibit complete home bias. But we argue that there may be substantial home bias when a nominal exchange rate hedge is available.
Since we have derived (16) from the Home budget constraint alone, it is useful to check the derivation from the standpoint of the Foreign budget constraint. Recalling the definition of, we have shown
t X is the payoff from a forward position. In levels, we can treat 0 S as the forward rate -it is the ex ante expected spot rate. The payoff to Home agents is given by 
The budget constraint for Foreign household, the Foreign equivalent of equation (3) is 
This condition is equivalent to equation (18) given that we have assumed initial balanced trade. Hence, the foreign hedge is given by The result we have obtained holds, as we have shown, whether price stickiness is of the PCP, LCP, or indexing form. We also have made no assumptions about labor markets. There could be a spot market in labor, with flexible wages, or households could have market power in labor markets and nominal wages could be sticky. There could be bargaining between households and firms over revenues. We have not specified at this stage how revenues are split between firm owners and workers when there is no trade in equities.
The degree of home bias also does not play any role in determining the equity portfolio in this one period model. This is illuminating given that Obstfeld(2007) and Coeurdacier (2009) have shown that home bias in preferences can result in either anti-home bias in equity or super home bias in equity, that is taking a short foreign equity position. We will examine the home bias in preference assumption also in a dynamic model where prices are fixed at most one period. We will show that home bias in preferences does play a minor role in determining the equity portfolio, but price stickiness matters more.
We also have not specified the sources of shocks to the system. There can be real productivity shocks, and nominal monetary shocks. These shocks could influence all of the variables in the system: exchange rates, labor income, profits, consumption, etc.
Simply stated, when households in each country have complete ownership of their own firms (100% home bias in equity holdings), relative consumption risk is translated through relative prices. When there is full price stickiness, the relative prices adjust only with changes in the nominal exchange rate. So a forward position in foreign exchange can fully hedge risk.
The issue we wish to focus on, however, is the implications for the forward position in foreign exchange. Recall that the assumptions of our model require Intuitively, a depreciation of the Home currency (an increase in t s ), as we have discussed above, has a positive effect on the payoffs to Home's equity portfolio. The optimal hedge, then, is to take a foreign exchange position that offsets this exchange rate risk. The intuition, however, is a bit more complicated than this because the optimal portfolio should eliminate purchasing power risk rather than income risk. A depreciation will also raise the Home price of imported goods if some of the depreciation is passed through to import prices ( 0 b > ). But the sign of δ is negative for any value of b.
We next fully specify a general equilibrium model in a dynamic setting where we allow prices to adjust.
III. A DYNAMIC STICKY-PRICE MODEL WITH LOCAL-CURRENCY PRICING
In this section, we build an infinite-horizon model, which allows us to examine the effects of persistent technology shocks and different degrees of price stickiness as well as the effects of home bias in consumption and different assumptions about wage setting.
The price-setting rule is defined as follows. A fraction τ of firms in each country set prices in advance, and the rest of the firms can adjust their prices in each period after the realization of shocks. This approach allows us to study the portfolio allocation with or without sticky prices, and we can learn how different degrees of price stickiness affect the portfolio. There are different types of firms in each country but we assume the equities of all firms in each country are bundled together. In Sections III.A-C, we assume that firms set prices in consumer's currency-that is there is local-currency-pricing (LCP)-and wages are flexible. Then, we examine the sticky wage case in Section III.D and the producer-currency-pricing (PCP) case in section III.E.
As in Section II, there are two symmetric countries, Home and Foreign, each with population ½.
A. Household Problem
Home households maximize their expected utility:
subject to the following budget constraint: We note here that in this section, wages are flexible and determined in a competitive labor market. When we specify firm behavior, we will assume that the labor services of all households are identical, perfectly substitutable. We will later examine a version of this model in which each household's labor services are unique, and each household is a monopoly supplier of that type of labor. There, the different types of labor services are not perfectly substitutable. In that setting, we will also assume nominal wages are set in advance.
Utility is given by 
where λ denotes the elasticity of substitution among varieties, with
There is a representative household in each country, and the household preferences in Home and Foreign are symmetric. When 0 α > , there is home bias in consumption. That is, the Home household puts relatively more weight on consumption of Home goods, and the Foreign households preferences put relatively more weight on Foreign goods.
We can write the CPI as follows: Foreign households have an analogous utility function for Foreign quantities and prices, which we will denote by superscript asterisks. Foreign prices are denominated in Foreign currency.
Our assumptions on consumption, asset acquisition, etc., follow exactly the standard presentation of the non-stochastic dynamic model (see, for example, Obstfeld and Rogoff (1996) ), with one exception: We assume, as in the static model, that households can take a forward position in foreign exchange. Making a contract to buy foreign exchange forward next period, of course, is equivalent to buying a nominal (non-state-contingent) bond denominated in the foreign currency and shorting a nominal bond denominated in the home currency. We could have introduced nominal bonds denominated in each currency separately into the model, rather than forward contracts. However, that would add nothing to our presentation. We shall see below that the (linearized) model with equities and forward contracts reproduces the allocation that would be achieved with trade in a complete set of nominal state-contingent bonds. If we introduced non-state-contingent nominal bonds instead of forward contracts, the position held by each household will exactly reproduce their position in the forward market.
Given prices and the total consumption basket, t C , the optimal consumption allocations are
The dynamic first order conditions for the households are 
These are, respectively, financial wealth, human capital, the rate of return on financial wealth and human capital (each multiplied by the utility discount factor for algebraic convenience) and the share of foreign equity in equity portfolio.
We can rewrite the budget constraint (21) for time t : 
B. Firms
Firms produce output with labor using a linear technology. Labor from each household is perfectly substitutable for labor from any other household). A firm in this economy monopolistically produces a specific good indexed by i : We have two types of firms in each country. A fraction τ of firms set the price in advance, and the rest set the price after the realization of shocks.
The profit maximization problem of the Home firm with price flexibility is 
max ( ) ( ) ( ) ( ) ( ) ( ) t h t h t t h t h t h t h t t W P i Y i S P i Y i Y i Y i
where D is the stochastic discount factor of firm owners, and
, , preset h t P is the optimal price for the Home market at time t of the goods produced by the firms that set prices in advance. Now we can rewrite the price indexes as follows:
h t flex h t preset h t
Since we have CES sub-utility functions, the market clearing condition can be obtained by equating the output with the sum of the demands for Home goods: 
We assume that the logs of the money supplies and logs of the technology shocks evolve according to (where lower-case letters represent the logs of the upper-case counterparts, i.e., ln( ) Note in particular that we have not made any assumptions about the correlation of monetary shocks and productivity shocks. As long as there is some independent component to the money shocks-that is, as long as the correlation between money and productivity shocks lies on the interval (-1,1)-our results go through. In particular, our specification allows for an interpretation in which technology shocks, 1 
C. Equilibrium Portfolios under LCP and Flexible Wages
We follow the solution method of Engel and Matsumoto (forthcoming) , in which we loglinearize the budget constraint, resource constraint, and the non-portfolio first-order conditions. We use a second-order approximation to the asset choice Euler equations. Note that our method of solution is identical to the one proposed by Devereux and Sutherland (2006, forthcoming) for our model.
It is important to note that in this model, and in all of the models that we present, trade in equities and a forward position in foreign exchange is sufficient to replicate the allocations under complete markets. That is because in all cases, once we log-linearize the equations of the dynamics of the model, the payoffs from these assets span the state space. So, as in Engel and Matsumoto (forthcoming) , and the simple model of section II, risk sharing condition equation (12) holds, which is repeated here for convenience: The question we wish to address in this paper is what types of portfolios will support this complete market allocation? Our answer is that under a wide range of plausible assumptions, this allocation can be supported with only a small amount of equity trade (and, thus, a lot of home bias in equities), but it requires a bond portfolio in which households lend in their own currency and borrow in foreign currency.
The Appendix 11 derives the following expressions for the optimal portfolios of equities and the forward position in foreign exchange. In equilibrium, because the log-linearized model replicates the complete-markets equilibrium, the Home/Foreign relative marginal utility of nominal wealth is constant. This imparts a stationarity to the economy that supports optimal portfolio positions that are constant over time. The optimal share of Foreign equities in the Home equity portfolio is given by (55)
(1 )(1 )
(recalling that ω is the elasticity of substitution among brands of goods produced within each country, ρ is the coefficient of relative risk aversion, and ϑ is the autocorrelation of relative productivity shocks, and τ is the fraction of firms that set prices in advance.
To understand this expression, it is useful to consider some special cases. First, suppose that all goods prices are flexible, so that 0 τ = . Then (55) reduces to
When goods prices are flexible, in general, we find "anti-home-bias" in the optimal equity portfolio. If there were no home bias in preferences ( 0 α = ), expression (56) simplifies
That is, Home's holdings of Foreign equities would constitute more than half the equity portfolio. This simply reflects the observation by Baxter and Jermann (1997) that, under flexible prices and wages, the return to Home human capital is positively correlated with the return to Home equities. So, optimally, the portfolio should short Home equities. In equation (56), we see that home bias in preferences does not modify this result except under strong home bias in preferences, when 1 ϖ < . If utility is logarithmic in consumption (as is assumed in Heathcote and Perri (2008) (56), we find 0 γ = . It is important to stress that in this case, the portfolio with no equity diversification achieves the same allocation as would occur under complete markets, but in both cases asset markets do nothing to reduce consumption risk. When households in each country produce the only good which they want to consume, it is not possible to hedge productivity shocks. Now consider the case in which all nominal prices are set one period in advance ( 1 τ = ).
Suppose that either agents put no weight on the future 0 β = , or relative productivity shocks are serially uncorrelated ( 0 R ϑ = .) Under these assumptions, we effectively replicate the conditions of the model of section II: all prices are sticky, and the future does not matter to agents. We see from equation (56) that under these assumptions, 0 γ = . That is, the optimal holdings of Foreign equities by Home households in the portfolio that replicates complete market allocations is zero. This is the result illustrated in section II: equity trade is not needed (under these circumstances) to support efficient risk sharing. We note that in this section we have derived optimal portfolios, taking into consideration all of the first-order conditions of households and firms. That is in contrast to section II where we only asked which sorts of portfolios would support complete market allocations without asking whether the equilibrium could be decentralized.
12 A detailed discussion of the discontinuity around there are Cobb-Douglas preferences over the Home and Foreign aggregates. In this case, when there is no home bias in preferences, if prices were flexible, the terms of trade changes would fully insure risk (as in Cole and Obstfeld, 1991) . Indeed, were all prices flexible, and 1 ω = , the equilibrium equity portfolio would be indeterminate. As Engel and Matsumoto (forthcoming) discuss, in that case, there is no role for the equity portfolio in diversifying real risk since the terms of trade do all of the job, so the composition of the equity portfolio is not determined. On the other hand, when there is some price stickiness, the equity portfolio does help diversify risk. But then, this situation is like the model of Section II: all risk can be diversified by the forward position in foreign exchange, so it is optimal to hold no Foreign equities in the Home equity portfolio. Again, the efficient allocation can be achieved without trade in equities.
When there is home bias in preferences, the analogous condition to the one just discussed is 1 1 0 (55)). Under this condition, full risk sharing is achieved without any diversification in the equity portfolio. But, it is important to point out that this condition holds even under flexible prices (see (56)).13 That is, the equilibrium equity portfolio is determined even under flexible prices, because with home bias, in general, the terms of trade changes do not fully hedge risk. Table 1 presents values for the share of Foreign equities in the Home portfolio, γ , for calibrated parameter values substituted into equation (55). As Engel and Matsumoto (forthcoming) explain, it is not a simple task to calibrate the degree of price stickiness in our model to empirical measures of the speed of price adjustment. The share of the Home household's equity portfolio held in foreign shares, γ , depends on the price stickiness parameter, τ ; labor's share, ζ ; the elasticity of substitution between Home and Foreign aggregates, ω ; the discount factor, β ; the persistence of relative productivity shocks, R ϑ ;
13 Except for the case when 1 ϖ = and 1 ρ = .
the elasticity of labor supply, ψ ; the coefficient of risk aversion ρ ; and, the home-bias in preferences parameter, α .
As in Engel and Matsumoto, and following the literature, we set 2 3 ζ = and 1 ψ = .
In most calibrations of new-Keynesian models with nominal price stickiness, the expected life of a nominal price (under Calvo price setting) is calibrated to be four quarters. Our model of price stickiness does not translate easily into the Calvo framework, however, where the life of a price follows a Poisson process. In our model, a measure τ of firms set prices for one period, and a measure 1 τ − adjust prices instantaneously. So the expected life of a price is τ periods. We calibrate the degree of price stickiness in the following way: we consider different values for τ , ranging from 0.05 to 1. We can then set the length of a period so that the fraction τ of a period equals four quarters, or one period equals 4 /τ quarters. In Table 2 , we present the equity shares we have calculated for the various values of τ . . So, to be clear, while we vary τ , we change the persistence of relative productivity shocks and the discount factor. We do that in such a way that the expected life of a price is always equal to four quarters. This is our way of dealing with the fact that there is not a unique way of translating our set-up into one in which prices have an expected life of four quarters.
As in Engel and
There is no consensus in the literature about the appropriate value of the elasticity of substitution, ω . However, an average value in the international macroeconomics literature is around 1.2, as Engel and Matsumoto (forthcoming) explain.
The first panel in Table 1 lets τ vary, while setting the home bias parameter at 0, so there is no home bias. That panel shows that for most choices of τ , the portfolio that supports the complete-markets allocation displays a high degree of home bias. That is, as we have stated, not very much equity portfolio diversification is required to achieve this risk-sharing equilibrium. However, it is necessary to have price stickiness in order to have home bias in equity.
The second and third panels of Table 1 look at the effects of home bias in preferences on the portfolio required to support full risk sharing. The second panel fixes τ at 0.5 and lets α vary from 0 to 1, while the third panel fixes τ at 1.0 and lets α vary. There are several things to take away from this table: First, for most of the range of possible values of α , increasing home bias in preferences has little effect on the optimal equity portfolio. Only when 0.9 α > do we see much of an effect. Of course, with complete home bias in preferences, 1 α = , there is complete home bias in equity portfolios,
For all values of α , however, the share of foreign equities in the optimal Home equity portfolio is quite small. This finding is in strong contrast to that of Obstfeld (2007) and Coeurdacier (2009), which show very large swings in the optimal portfolio with respect to α . Their models are endowment models with flexible prices, where home bias in preferences or trade costs can explain home bias in equity.
14 Under the special case of no labor income,
γ ρ α ρϖ = + − − , whether or not prices are sticky, which corresponds to
Obstfeld's expression. It is the interaction of price stickiness and the role of equities in hedging labor income in the short run that lead to our finding that the optimal equity portfolio is not too sensitive to the assumption of home bias in preferences.
We have focused so far on the composition of the equity portfolio needed to achieve the complete-markets allocation. Now we turn to the forward position in foreign exchange. The Appendix shows:
Although this expression could be simplified by canceling some terms, we write it in this somewhat rococo way in order to facilitate the economic explanation. The γ in this expression refers to the optimal value of γ given in equation (55).
First, let us consider some special cases. The simplest special case is the one in which all prices are flexible: 0 τ = . From equation (58), we see that the optimal nominal exchange rate hedge is zero: 0 δ = . That result obtains because when prices are flexible, changes in nominal variables do not reflect real risks, so a nominal exchange rate hedge is not necessary. All real risk can be hedged with the equity portfolio.
Second, suppose there is no home bias in preferences, so 0 α = . Then equation (58) reduces
This is exactly the expression derived in Engel and Matsumoto (forthcoming) , who only consider the case of LCP and no home bias in preferences. Intuitively, if there is LCP and consumption baskets are identical at home and abroad, then exchange rates have real impacts through their effect on the value of profits earned by firms. As we explained in section II, a depreciation of the Home currency will, for LCP firms, increase the value in Home currency terms of revenues earned by Home and Foreign firms from their sales in the Foreign country. This will increase the purchasing power of Home households. This fluctuation is hedged by taking a short position in Foreign currency when 1 ρ > .
Third, suppose that all prices are sticky and 0
We have already seen in that case that the optimal value of γ given in equation (55) (58), we get an expression for δ that is the same as the one in Section II, equation (15), under LCP (so setting 0 b = in (15)).
In general, when 0 α ≠ , the second term on the right-hand-side of equation (58), The final term, in the third line, is the hedge to relative human capital, as this is also affected by exchange rate changes when there is home bias in consumption.
The final column in Table 1 displays various values of δ from equation (58) sharing allocation, households in the Home country need to take a short position in Foreign currency. That is, they must have a currency portfolio that has zero worth ex ante, but one in which they borrow short-term in Foreign currency and lend short term in Home currency.
Trade in equities and a forward position in foreign exchange can efficiently share risk, in the sense that they can obtain the same outcome as trade in a complete market of contingent claims. Moreover, we have shown that under reasonable parameterizations, the equity portfolio that supports this allocation does not display much international diversification. However, it is crucial for this outcome that agents take an optimal exchange-rate hedge.
D. Equilibrium Portfolios under LCP and Sticky Wages
Obstfeld (2007) has argued that if nominal wages are sticky, the optimal portfolio must exhibit a large amount of international diversification of equity portfolios. However, Obstfeld's calculations are in the context of a model with flexible goods prices. Here we investigate how optimal portfolios are affected when nominal wages are set in advance, under plausible parameterizations of nominal price stickiness.
Intuitively, consider in a static setting, a firm whose price is set in advance, and the firm experiences an increase in productivity. Ceteris paribus, the increase in productivity does not have any effect on revenues of the firm, because the firm cannot alter its price. Given that demand for its product is unchanged but productivity increases, the firm's demand for labor services declines. The firm captures more of the revenue as profit, and worker's payments are reduced. This is true whether or not wages are flexible.
If productivity increases, the marginal cost of the firm's product falls. Under flexible prices, the monopolistic firm will find it optimal to lower price and increase quantity sold. In order to produce more, the firm must hire more labor, so its demand for labor increases. Thus, the firm and workers both benefit from a productivity increase. This is true whether or not wages are flexible.
In the sticky-price case, profits are negatively correlated with labor compensation, while in the flexible-price case they are positively correlated. This suggests that under sticky prices, workers can hedge their labor income risk by owning shares of the firms that they work in. But under flexible prices, profits and labor income are positively correlated, so workers have an incentive to short ownership in the firm in which they are employed.
While this intuition suggests that it is price stickiness, not wage stickiness, that is the key to determining the optimal portfolio position, the logic is far from airtight. The problem is that, in general equilibrium, we cannot perform this "ceteris paribus" experiment. We cannot hold all else constant: changes in other firms' prices, changes in aggregate demand, changes in exchange rates, all of which might be correlated with labor income and profits. So, we formally investigate a version of the LCP model with nominal wage stickiness.
We need to make a couple of modifications of the model presented so far. First, we now assume that the labor input of a given household is imperfectly substitutable in production for labor of other households. Home firms (and, symmetrically, Foreign firms) must use labor input from each household to produce the final output, using a CES production function. That is, equation (43) still gives the production function for firm i, but now ( ) t L i should be considered an aggregate over the labor input from every household:
Households are the monopolistic supplier of their own labor, but are constrained to set their wage one period in advance. We get the familiar equation under sticky wages (where we have imposed the equilibrium condition that all Home households are identical):
We only consider the case in which all wages are sticky. That is, in contrast to how we treat price stickiness, we only consider the cases of all wages are flexible or all wages are set in advance. We make these assumptions because we want to maintain the characteristic that all households are identical in equilibrium.
The Appendix derives the following expression for γ , the share of Foreign equities in the Home equity portfolio:
(61)
It is interesting to look at some special cases. First, just as in the case with flexible wages, setting 0 γ = (complete home bias) and 1 τ = (so all prices are sticky) in equation (62), we get an expression for δ that is the same as the one in section II, equation (15), under LCP (so
Second, take the case of complete goods price flexibility, 0 τ = . In this case, expression (62) becomes ( )
. Substituting into the equation for δ , we find 0 δ = . Even if nominal wages are sticky, the optimal exchange rate hedge under flexible prices is zero. Table 2 presents optimal values of γ and δ under the same parameterizations as Table 1 .
The notable thing about the values reported in Table 2 is that they are very close to those in Table 1 . Nominal wage stickiness does not have a large influence on the portfolio that supports efficient allocation of risk when nominal price stickiness is calibrated realistically.
E. A Dynamic Sticky-Price Model with Producer-Currency Pricing
We now consider the case of producer-currency pricing. Sticky-price firms in each country set a single price in their own currency. Equation (45) gives the pricing equation for stickyprice firms in the Home country. That is, PCP firms set prices according to the same formula that LCP firms do for sale in the Home country. The rest of the model is unchanged.
The most important result we find (demonstrated in the Appendix available from the authors) is that the optimal equity portfolio is the same under LCP and PCP. That is, under PCP and flexible wages, equation (55) gives the share of Foreign equities in the Home portfolio, and under PCP and sticky wages, equation (61) gives that share.
Why is the equity portfolio not influenced by whether pricing is determined by LCP or PCP?
The way in which firms set prices affects only the way the exchange rate influences prices. But the effects of exchange rate changes can be hedged with the foreign exchange hedge.
Once δ is chosen optimally, the equity portfolio does not depend on the influence of exchange rates.
Of course, the optimal value of δ will be different under PCP compared to LCP. When nominal wages are flexible, we find (63) [ ]
The γ in this expression refers to the optimal value of γ given in equation (55).
Once again, if prices are perfectly flexible ( 0 τ = ), the optimal exchange rate hedge is zero.
Also, analogous to what we found under LCP, setting 0 γ = (complete home bias) and
(so all prices are sticky) in equation (63), we get an expression for δ that is the same as the one in Section II, equation (15), under PCP (so setting 1 b = in (15)). 
When there is PCP and sticky wages, we find
The γ in this expression refers to the optimal value of γ given in equation (61). If prices are perfectly flexible ( 0 τ = ), we can substitute the optimal value of γ from equation (61) into equation (64), to find that the optimal exchange rate hedge is zero. Also, analogous to what we have found in the other cases, setting 0 γ = (complete home bias) and 1 τ = (so all prices are sticky) in equation (64), we get an expression for δ that is the same as the one in section II, equation (15), under PCP (so setting 1 b = in (15)). Table 4 presents values for γ and δ under the same set of parameter assumptions as in Tables 1-3 for the case of PCP pricing and sticky wages. Of course, the values for γ are the same as in 
It is often thought that this "consumption-real-exchange-rate anomaly" or "Backus-Smith puzzle" is related to the well-known home bias in equity portfolios-equity portfolios are not well diversified internationally. We examine four models. All allow for home bias in preferences. We consider different types of wage and price stickiness: LCP and flexible wages; LCP and sticky wages; PCP and flexible wages; and, PCP and sticky wages.
The conclusion is the same in all models. Under reasonable parameterizations, the efficient risk-sharing outcome does not require portfolios with much international equity diversification. But they do all require that agents hedge foreign exchange risk by going long in their own currency.
So we conclude that it is a mistake to tie the "consumption-real-exchange-rate anomaly" too closely to the home bias in equities puzzle. Instead, it is more closely tied to a puzzle about bond portfolios-why do we not see portfolios where there is more borrowing in foreign currency terms and lending in domestic currencies? Indeed, since countries have an incentive to inflate and depreciate when debt is denominated in the currency of the borrower, it is especially puzzling that we do not observe the pattern of bond portfolios that would lead to more efficient allocation of risk. 
